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A HOMOTOPY LIE FORMULA FOR THE P-ADIC DWORK FROBENIUS
OPERATOR
DOHYEONG KIM, JEEHOON PARK, AND JUNYEONG PARK
Abstract. We give a modern deformation theoretic interpretation of Dwork’s theory of the zeta func-
tion of a smooth projective complete intersection variety X over a finite field. Using this interpretation,
we explicitly construct a dgla (differential graded Lie algebra) for X whose cohomology gives the p-
adic Dwork cohomology of X and a homotopy Lie endomorphism (so called, L∞-endomorphism) of
such dgla’s, which encodes deformation data for the p-adic Dwork Frobenius operator of X. As a
consequence, we will derive a formula for the p-adic Dwork Frobenius operator, whose characteristic
polynomial computes the zeta function of X, in terms of L∞−morphisms and the Bell polynomials.
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1. Introduction
The goal of this paper is to recapture the deformation theory of the zeta functions of an algebraic
variety, which was invented by Dwork (see [5] and [6] for example) and developed by Adolphson and
Sperber (see [1] and [2] for example), using the modern deformation theoretic view point based on the
dgla (differential graded Lie algebra). As an application, we derive an explicit algebraic formula for the p-
adic Dwork Frobenius operator whose characteristic polynomial computes the zeta function of a smooth
projective complete intersection variety, in terms of homotopy Lie morphisms (so called, L∞-homotopy
morphisms) and the Bell polynomials.
We fix a rational odd prime number p and a positive integer a. Let Fq be the finite field of q elements
where q = pa. Let n and k be positive integers such that n ≥ k ≥ 1. We use x = [x0, x1, · · · , xn] as a
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Key words and phrases: Zeta functions, p-adic Dwork Frobenius operator, Differential graded Lie algebras, Deformation
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homogeneous coordinate system of the projective n-space Pn
Fq
over a finite field Fq. Let X = XG be a
smooth complete intersection of dimension n − k in the projective space Pn
Fq
and let G1(x), · · · , Gk(x)
be the defining homogeneous polynomials in Fq[x0, · · · , xn] such that deg(Gi) = di for i = 1, · · · , k. It
is well known (e.g. see [2]) that the zeta function of X may be written in the form
Z(X/Fq, T ) =
P (T )(−1)
n−k−1
(1− T )(1− qT ) · · · (1− qn−kT )
(1.1)
where P (T ) ∈ 1 + TZ[T ]. The reciprocal roots of P (T ) are units at all primes except the archimedean
prime and those primes lying over p. At any archimedean prime, they have absolute value q(n−k)/2 by
Deligne [3]; at p-adic places, the p-adic Newton polygon lies on or above its Hodge polygon by Mazur
[10] (called the Katz conjecture). In [2], Adolphson and Sperber gave a new proof of Mazur’s result on
the Katz conjecture by computing an explicit basis for the p-adic Dwork cohomology.
1.1. The geometric idea and our motivation to use the homotopy Lie theory. In order to
explain the geometric idea behind the work of Dwork, Adolphson and Sperber and our idea how we
came up with the homotopy Lie theory of the zeta function of X , we assume in this subsection that
X is defined over the field of complex numbers C instead of Fq. In this case, the zeta function of X
has a cohomological interpretation. If we are interested in the cohomology of the smooth projective
complete intersection variety X of dimension n− k, then the primitive middle dimensional cohomology
Hn−kprim(X,C) is the most interesting piece because the other degree cohomologies and non-primitive pieces
can be easily described in terms of the cohomology of the projective space Pn due to the weak Lefschetz
theorem and the Poincare duality. For the computation of Hn−kprim(X,C), the Gysin sequence and "the
Cayley trick" play important roles. There is a long exact sequence, called the Gysin sequence:
· · · → Hn+k−1(Pn,C)→ Hn+k−1(Pn \X,C)
ResX−−−→ Hn−k(X,C)→ Hn+k(Pn,C)→ · · ·
where ResX is the residue map (see p. 96 of [4]). This sequence gives rise to an isomorphism
ResX : H
n+k−1(Pn \X,C)
∼
−→ Hn−kprim(X,C).
The Cayley trick is about translating a computation of the cohomology of the complement of a complete
intersection into a computation of the cohomology of the complement of a hypersurface in a bigger space.
Let E = OPn(d1)⊕ · · · ⊕OPn(dk) be the locally free sheaf of OPn -modules with rank k. Let P(E) be the
projective bundle associated to E with fiber Pk−1 over Pn. Then P(E) is the smooth projective toric
variety with Picard group isomorphic to Z2 whose (toric) homogeneous coordinate ring is given by
AP(E) := C[y1, · · · , yk, x0, · · · , xn](1.2)
where y1, · · · , yk are new variables corresponding to G1, · · · , Gk. There are two additive gradings ch and
wt, called the charge and the weight, corresponding to the Picard group Z2:
ch(yi) = −di, for i = 1, · · · , k, ch(xj) = 1, for j = 0, · · · , n,
wt(yi) = 1, for i = 1, · · · , k, wt(xj) = 0, for j = 0, · · · , n.
Then
S(y, x) :=
k∑
j=1
yjGj(x) ∈ AP(E)
defines a hypersurface XS in P(E). The natural projection map P(E) → P
n induces a morphism
P(E) \ XS → P
n \ X which can be checked to be a homotopy equivalence. Hence there exists an
isomorphism
Hn+k−1(P(E) \XS ,C)
∼
−→ Hn+k−1(Pn \X,C).
The cohomology group Hn+k−1(P(E) \XS ,C) of a hypersurface complement in P(E) can be described
explicitly in terms of the de-Rham cohomology of P(E) with poles along XS . Based on this, one can
further show that (see Theorem 1 in [4] or [8] and see [7] for the pioneering work of Griffiths in the case
k = 1, the smooth projective hypersurface case)
Hn+k−1(P(E) \XS ,C)
∼
−→ AP(E)/VS
∼
−→
(
AP(E)/Jac(S)
)
ch=cX
,(1.3)
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where VS is the sum of the images of the endomorphisms
∂
∂yi
+ ∂S∂yi ,
∂
∂xj
+ ∂S∂xj of AP(E) (i = 1, · · · , k, j =
0, · · · , n), Jac(S) is the Jacobian ideal of S(y, x), and
cX :=
k∑
i=1
di − (n+ 1).
Here the subindex ch = cX means the submodule in which the charge is cX . Note that Jac(S) is
the sum of the images of the endomorphisms ∂S∂yi ,
∂S
∂xj
of AP(E) (i = 1, · · · , k, j = 0, · · · , n). These
isomorphisms (1.3) lead us to consider the following Lie algebra representation. Let z1 = y1, · · · , zk = yk
and zk+1 = x0, · · · , zn+k+1 = xn. Let gC be an abelian Lie algebra over C of dimension n + k + 1. Let
u1, u2, · · · , un+k+1 be a C-basis of gC. We associate a Lie algebra representation ρ on AP(E) of gC as
follows:
ρ(ui) :=
∂
∂zi
+
∂S(z)
∂zi
, for i = 1, 2, · · · , n+ k + 1.
We extend this C-linearly to get a Lie algebra representation ρ : gC → EndC(AP(E)). Then the 0-th
Lie algebra homology is isomorphic to AP(E)/VS . Also, the (n + k + 1)-th Lie algebra cohomology is
isomorphic to AP(E)/VS . In fact, the Chevalley-Eilenberg cohomology complex is the twisted de-Rham
complex (Ω•
An+k−1
, d+dS) of the affine space An+k−1. On the other hand, one can consider the Chevalley-
Eilenberg homology complex. More precisely, we use the cochain complex (A•ρ,Kρ), which we call the
dual Chevalley-Eilenberg complex, such that Hi(A•ρ,Kρ) ≃ H−i(gC, AP(E)) for i ∈ Z:
A
•
ρ = AP(E)[η1, η2, · · · , ηN ] = C[z][η1, η2 · · · , ηN ],
Kρ =
N∑
i=1
(
∂S(z)
∂zi
+
∂
∂zi
)
∂
∂ηi
: Aρ → Aρ.
We have
0 // A
−(n+k+1)
ρ
Kρ
// A
−(n+k)
ρ
Kρ
// · · ·
Kρ
// A
−1
ρ
Kρ
// A
0
ρ = AP(E) // 0
where
A
−s
ρ =
⊕
1≤i1<···<is≤n+k+1
AP(E) · ηi1 · · · ηis , 0 ≤ s ≤ n+ k + 1.
Since one easily sees that Hn+k−1−s(Ω•
An+k−1
, d+dS)
∼
−→ Hs(A•ρ,Kρ) for s ∈ Z (using the fact that gC is
abelian), i.e. their differential module structures are isomorphic, either complexes can be used to study
the primitive middle dimensional cohomology of X . In general, people preferred to use the twisted de-
Rham complex (for example, [2] and [4]), sometimes called the algebraic Dwork complex over C. But our
key observation is that the multiplication structure (the Z-graded commutative wedge product structure)
on (Ω•
An+k−1
, d+dS) is quite different from the one (the Z-graded commutative algebra structure with the
rule ηiηj = −ηjηi) on (Aρ,Kρ) and, moreover, this product structure on (Aρ,Kρ) induces the homotopy
Lie structure on (Aρ,Kρ) (by measuring the failure of Kρ being a derivation of the product successively)
which governs a deformation theory of cochain complexes and maps. This type of algebraic structures
was studied systematically in [12] under the name "the descendant functor" by the second-named author
with his collaborator. When we analyze the zeta function of X over Fq, this descendant homotopy Lie
structure will play a key role.
1.2. The main results. Now we come back to a smooth projective complete intersection variety X
defined over Fq. The previous subsection suggests to consider the dual Chevalley-Eilenberg complex
defined over Fq. Let N = n+ k + 1 and
A := Fq[zµ]µ=1,··· ,N = Fq[z]
where we recall z1 = y1, · · · , zk = yk and zk+1 = x0, · · · , zN = xn. We consider the Dwork potential
S(z) :=
k∑
ℓ=1
yℓ ·Gℓ(x) ∈ Fq[z].
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The same procedure as the previous subsection provides us a Z-graded super-commutative algebra A
with differential KS :
A = A• := Fq[z][η] = Fq[z1, z2, · · · , zN ][η1, η2, · · · , ηN ],
KS := KρS =
N∑
i=1
(
∂S(z)
∂zi
+
∂
∂zi
)
∂
∂ηi
: A→ A.
(1.4)
We also introduce the Fq-linear endomorphism of A:
QS :=
N∑
i=1
∂S(z)
∂zi
∂
∂ηi
, ∆ := KS −QS =
N∑
i=1
∂
∂zi
∂
∂ηi
.(1.5)
Note that ∆ is a also a differential of degree 1, i.e., ∆2 = 0. Furthermore, ∆QS +QS∆ = 0 and
H0(A, QS)
∼
−→ A/Jac(S).
Note that ηi · ηj = −ηj · ηi, which implies that η
2
i = 0. Since
∂S(y,x)
∂zi
∂
∂ηi
is a differential operator of
order 1, the differential QS is a derivation of the product of A. Thus (A, ·, QS) is a cdga (commutative
differential graded algebra). But KS is not a derivation of the product, because the differential operator
∂
∂zi
∂
∂ηi
has order 2. We define the ℓ2-descendant of KS with respect to the product · as follows:
ℓKS2 (a, b) := KS(a · b)−KS(a) · b− (−1)
|a|a ·KS(b), a, b ∈ A.
Then (A,K, ℓKS2 ) becomes a shifted
1 dgla (differential graded Lie algebra).
Now the main question is whether one can find a p-adic lift of (A, ·, QS), which has a p-adic complete
continuous endomorphism ΦS as cochain map such that the characteristic polynomial of ΦS is equal to
the zeta function P (qkT ) in (1.1). More precisely, can we find a Z-graded p-adic Banach algebra A˜ with
the differential K˜S and a filtration {F
iA˜}i∈Z such that there is a Fq-module isomorphism
R : (F 0A˜/F 1A˜, K˜S)
∼
−→ (A, QS)
and there is a cochain endomorphism ΦS of (A˜, K˜S) which is p-adic completely continuous and whose
characteristic polynomial is equal to P (qkT )? This question was essentially answered by Dwork and his
successors (notably, Adolphson and Sperber). There are two technical difficulties for achieving this. As
is well-known, the differential operators like ∂∂zi behave badly in characteristic p. Even in the p-adic
case, the differential operators behaves differently from the complex analytic case: the Poincare lemma
fails if one considers p-adic analytic functions on the closed unit disc. Another difficulty is the p-adic
convergence problem of the exponential function. In the complex analytic case, the radius of convergence
of the exponential function is infinity, but in the p-adic case, the radius of convergence is p−
1
p−1 < 1. All
of these difficulties were resolved by Dwork by introducing an overconvergent module and the splitting
function. Here we follow the version of Adolphson and Sperber, [2]. Our academic contribution is to
change the product structure on the p-adic twisted de-Rham complex in [2] (by using the p-adic dual
Chevalley-Eilenberg complex) in order to reveal the homotopy Lie structure, which put us in a natural
framework of modern deformation theory.2
Let ζp be a primitive p-th root of unity in Cp, where Cp is the p-adic completion of the algebraic
closure of Qp. For the p-adic overconvergent module, we fix a rational number b ∈ Q such that
1
p− 1
< b <
p
p− 1
(1.6)
and choose M ∈ N such that Mb(p−1)p ,
M
p−1 ∈ Z.
3 Then we choose π ∈ Cp such that
πM = p.(1.7)
1We call it "shifted" because both K and ℓKS
2
has degree 1. The (usual) dgla has the Lie bracket degree 0 and the
differential degree 1.
2There is a motto that every deformation problem in characteristic zero can be controlled by the Maurer-Cartan equation
of some homotopy Lie algebra.
3These technical conditions on b and M are used to prove the statement (b) of Theorem 1.1
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Denote Qq be the fraction field of Zq =W (Fq), the ring of Witt vectors of Fq. Let k = Qq(ζp, π) be the
smallest subfield of Cp containing ζp, π, and Qq. Denote by Ok the ring of integers of k.
Theorem 1.1. (a) There is an L∞-algebra (A˜(b), ℓ
K˜S = ℓK˜S1 , ℓ
K˜S
2 , · · · ) and an L∞-endomorphism φ
ΨS =
φΨS1 , φ
ΨS
2 , · · · of (A˜(b), ℓ
K˜S ) such that4 there is a decomposition A˜(b) =
⊕
−N≤m≤0 A˜(b)
m
where A˜(b)
0
is
a p-adic Banach commutative algebra over k and
A˜(b)
−s
=
⊕
1≤i1<···<is≤N
A˜(b)
0
· ηi1 · · · ηis , 0 ≤ s ≤ N.
(b) There exists a separated and exhaustive decreasing filtration {F iA˜(b)}i∈Z consisting ofOk-submodules
such that (A˜(b), K˜S) is a filtered complex, and there is a Fq-module cochain isomorphism
R : (F 0A˜(b)/F 1A˜(b), K˜S)
∼
−→ (A, QS).
(c) The 0-th cohomology H0(A˜(b), K˜S) where K˜S = ℓ
K˜S
1 is a finite dimensional k-vector space whose
dimension is equal to the degree of P (T ).
(d) There is a k-linear completely continuous operator φΨS1 = ΨS : (A˜(b), K˜S) → (A˜(b), K˜S) which is
a cochain map and
P (qkT ) = det(1 − T ·ΨS
∣∣H0(A˜(b), K˜S)).(1.8)
We will also use the following notation
K˜X = K˜S, ΨX = ΨS
to emphasize the dependence on the smooth projective complete intersection variety X . We fix a p-adic
absolute value | · |p and a p-adic valuation valp on Cp such that valp(p) = 1 and |x|p = p− valp(x). For
u = (u1, ..., um) ∈ Rm, we put |u| = u1+ · · ·+ um. Let Z≥0 be the set of non-negative integers. For each
b satisfying (1.6), the p-adic Banach algebra A˜(b)
0
= A˜(b) is given as follows:
A˜(b) =
ξ(z) =
∑
(u,v)∈ZN
≥0
au,vπ
Mb|v|xuyv : au,v ∈ k and au,v → 0 as |(u, v)| → ∞
(1.9)
where yv = (yv11 , · · · , y
vk
k ) and x
u = (xu00 , · · · , x
un
n ). Here the overconvergent factor π
Mb|v| is specifically
designed (in [2]) to prove the Katz conjecture: Tq
(
F iA˜(b)
)
⊆ F iA˜(bq) where Tq is given (1.11). The
p-adic Banach structure on A˜(b) is given by |ξ(z)|p = sup(u,v) |au,v|p.
The L∞-algebra and L∞-morphism in Theorem 1.1 are obtained by applying the descendant functor,
introduced in Definition 2.7, to the cochain endomorphism ΨS of (A˜(b), K˜S). Using this homotopy Lie
formalism, we now explain how to derive an L∞-homotopy formula for ΨS . Let γ ∈ Qq(ζp) ⊂ k be a
solution of
∑∞
n=0
tp
n
pn = 0 such that valp(γ) =
1
p−1 . If we define
5
∆˜ :=
πMb
γ
·
N∑
i=1
∂
∂zi
∂
∂ηi
,(1.10)
then (A˜(b), ·, ∆˜) is clearly a cochain complex with super-commutative product structure. In fact, ∂∂yi
improves the p-adic convergence of A˜(b):
∂
∂yi
(ξ) ∈ ˜A (b+ ǫ), ǫ > 0 for ξ =
∑
(u,v)∈ZN
≥0
au,vπ
Mb|v|xuyv ∈ A˜(b),
4An L∞-algebra (homotopy Lie algebra) (V, ℓ) is a Z-graded vector space V with an L∞-structure ℓ = ℓ1, ℓ2, ℓ3, · · · ,
where ℓ1 is a differential such that (V, ℓ1) is a cochain complex, ℓ2 is a graded Lie bracket which satisfies the graded Jacobi
identity up to homotopy ℓ3 etc. An L∞-morphism φ = φ1, φ2, · · · is a morphism between L∞-algebras, say (V, ℓ) and
(V ′, ℓ′), such that φ1 is a cochain map of the underlying cochain complex, which is a Lie algebra homomorphism up to
homotopy φ2, etc. See subsection 2.1.
5The auxiliary factor pi
Mb
γ
is a technical condition needed to prove (b) of Theorem 1.1
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and ∂∂xi preserves the (radius of) p-adic convergence of A˜(b). Let us consider the Dwork operator
Tq : A˜(b)→ A˜(b) defined by
Tq
 ∑
w∈ZN
≥0
awz
w
 = ∑
w∈ZN
≥0
aqwz
w.(1.11)
Note that the image of Tq belongs to A˜(bq) ⊂ A˜(b) (the operator Tq also improves the p-adic convergence
like ∂∂yi ). By using the relation
Tq ◦ zi
∂
∂zi
= qzi
∂
∂zi
◦ Tq,
one can easily cook up a cochain endomorphism of (A˜(b), ∆˜): If we define a k-linear endomorphism ΨPn
on A˜(b) =
⊕
−N≤m≤0 A˜(b)
m
by additivity and the following formula
Ψ−m
Pn
(ξ(z) · ηi1 · · · ηim) := q
m
Tq
(
ξ(z) ·
∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
)
∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
· ηi1 · · · ηim ,(1.12)
for each m ≥ 0 and ξ(z) ∈ A(b) = A˜(b)
0
, then ΨPn : (A˜(b), ∆˜) → (A˜(b), ∆˜) is a cochain map. Then
we apply the descendant functor to ΨPn to obtain an L∞-endomorphism φ
ΨPn = φΨPn1 , φ
ΨPn
2 , · · · of an
L∞-algebra (A(b), ℓ
∆˜ = ℓ∆˜1 , ℓ
∆˜
2 , · · · ). Explicit formulas can be given as follows: Define ℓ
∆˜
1 = ∆˜ and
ℓ∆˜n (x1, · · · , xn−1, xn) = ℓ
∆˜
n−1(x1, · · · , xn−2, xn−1 · xn)
−ℓ∆˜n−1(x1, · · · , xn−1) · xn − (−1)
|xn−1|(1+|x1|+···+|xn−2|)xn−1 · ℓ
∆˜
n−1(x1, · · · , xn−2, xn), n ≥ 2.
It can be easily checked that ℓ∆˜m = 0 for m ≥ 3. Define φ
ΨPn
1 = ΨPn and
φΨPnm (x1, · · · , xm) = φ
ΨPn
m−1(x1, · · · , xm−2, xm−1 · xm)−
∑
π∈P (m),|π|=2
m−1≁πm
φΨPn (xB1) · φ
ΨPn (xB2), m ≥ 2,
where P (m) is the set of partitions of {1, · · · ,m} and we refer to Definition 2.6 for details.
The deformation theory based on the Maurer-Cartan equation attached to (A(b), ·, ∆˜) naturally leads
to the following formula. Let F˜ (z) be the Teichmüller lifting of the polynomial F (z) ∈ Fq[z]. In other
words, if we write F (z) =
∑
w∈ZN
≥0
fwz
w, then we have F˜ (z) =
∑
w∈ZN
≥0
f˜wz
w ∈ Zq[z] where (f˜w)q = f˜w
and f˜w ≡ fw(mod p).
Theorem 1.2. Suppose the Teichmüller lifting of each Gi(x) is written as
G˜i(x) =
∑
u∈Zn+1
≥0
g˜i,ux
u
and define
Γ˜ :=
∑
i,u
∑
ℓ≥0
γℓg˜
pℓ
i,uy
pℓ
i x
pℓu (γℓ :=
ℓ∑
i=0
γp
i
pi
), Γ =
a−1∑
j=0
∑
i,u
∑
ℓ≥0
γp
ℓ (
g˜i,uyix
u
)pj+ℓ
pℓ
.
For any homogeneous λ ∈ A˜(b), we have
K˜S(λ) = ∆˜(λ) +
∑
m≥1
1
m!
ℓ∆˜m+1(Γ˜, · · · , Γ˜, λ) = ∆˜(λ) + ℓ
∆˜
2 (Γ˜, λ),
ΨS(λ) = ΨPn(λ) +
∑
m≥1
∑
j+k=m
j,k≥0
1
j!k!
Bj(φ
ΨPn
1 (Γ), · · · , φ
ΨPn
j (Γ, · · · ,Γ)) · φ
ΨPn
k+1 (Γ, · · · ,Γ, λ),
where Bn(x1, · · · , xn) is the Bell polynomial defined in (3.8), and φ
ΨX
1 (Γ, λ) := φ
ΨPn
1 (λ) = ΨPn(λ).
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The above homotopy Lie formula for K˜S is not new but the formula for ΨS which naturally arises
paired with K˜S from the deformation theory based on the L∞-algebra appears to be new. A merit of this
formalism is that any smooth complete intersection X = XG ⊆ P
n
Fq
can be regarded as one deformed
from the projective space Pn
Fq
. Hence we may prove many properties of (A˜(b), K˜S) by checking it on the
corresponding properties on the projective space and transporting it to X via the deformation. It would
be a good project to see whether this formula for ΨS is actually helpful for an algorithmic computation
of the zeta function.
Now we briefly explain the contents of each section. The section 2 is about a general theory of
homotopy Lie algebras and their (formal) deformation theory and the section 3 explains the consequence
of applying the general theory to a smooth projective complete intersection variety X over Fq. The
subsection 2.1 is devoted to a brief explanation of the category of homotopy Lie algebras. Then we
explain the descendant functor (our key technical tool to analyze the zeta function of X) and its explicit
relationship to the deformation theory of descendant homotopy Lie algebras in the subsection 2.2. In
the subsection 2.3, we explain how to modify the usual deformation theory so that the deformation of
the p-adic Dwork Frobenius operator makes sense later.
In the section 3, we provide detailed proofs of Theorems 1.1 and 1.2. For this, in the subsection 3.1,
we construct a dgla, (more precisely, a GBV(Gerstenhaber-Batalin-Vilkovisky) algebra) for a projective
space which serves as a base point of the deformation theory. Then, in the subsection 3.2, we study a
filtration structure on such GBV algebra to prepare for the proof of (b) of Theorem 1.1. The subsection
3.3 is devoted to the proof of (a), (b) of Theorem 1.1. The subsections 3.4 and 3.5 are devoted to the
proofs of (c) and (d) of Theorem 1.1, respectively. In the subsection 3.6, we briefly review the Bell
polynomials and prove Theorem 1.2 by applying all the machineries developed so far.
Finally, in the section 4, we add an appendix which explains how to compute all the cohomologies of
the dgla (A,KS , ℓ
KS
2 ) over Fq.
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2. Formal deformation theory of the cochain complex with multiplication
2.1. Homotopy Lie algebra and the BV algebra. Roughly speaking, a homotopy Lie algebra (L∞-
algebra) is a "differential Lie algebra up to homotopy". We refer to section 13.2, [9] for the precise
theoretical definition (as an algebra over a particular algebraic operad Lie) and its basic properties. Here
we only briefly review an explicit description following the appendix 5.2, [12].
Let k be a field of characteristic zero (we need this since we have to divide m! in the definition of
homotopy Lie algebras). Let ArtZk denote the category of Z-graded artinian local k-algebras with residue
field k and ÂrtZk be the category of complete Z-graded noetherian local k-algebras. For a ∈ Ob(Art
Z
k),
ma denotes the maximal ideal of a which is a nilpotent Z-graded super-commutative and associative
k-algebra without unit. Let V =
⊕
i∈Z V
i be a Z-graded vector space over k. If x ∈ V i, we say that x
is a homogeneous element of degree i; let |x| be the degree of a homogeneous element of V . For each
n ≥ 1 let S(V ) =
⊕∞
n=0 S
n(V ) be the free Z-graded super-commutative and associative algebra over k
generated by V , which is the quotient algebra of the free tensor algebra T (V ) =
⊕∞
n=0 T
n(V ) by the
ideal generated by x⊗ y − (−1)|x||y|y ⊗ x. Here T 0(V ) = k and T n(V ) = V ⊗n for n ≥ 1.
Definition 2.1 (L∞-algebra). The triple VL = (V, ℓ, 1V ) is a unital L∞-algebra over k if 1V ∈ V
0 and
ℓ = ℓ1, ℓ2, · · · be a family of k-linear maps such that
• ℓn ∈ Hom(S
n(V ), V )1 for all n ≥ 1.
• ℓn(v1, · · · , vn−1, 1V ) = 0, for all v1, · · · , vn−1 ∈ V , n ≥ 1.
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• for any a ∈ Ob
(
ArtZk
)
and for all n ≥ 1
n∑
k=1
1
(n− k)!k!
ℓn−k+1 (ℓk (γ, · · · , γ) , γ, · · · , γ) = 0,
whenever γ ∈ (ma ⊗ V )
0, where
ℓn
(
a1 ⊗ v1, · · · , an ⊗ vn
)
= (−1)|a1|+|a2|(1+|v1|)+···+|an|(1+|v1|+···+|vn−1|)a1 · · · an ⊗ ℓn (v1, · · · , vn) .
Definition 2.2 (L∞-morphism). A morphism of unital L∞-algebras from VL into V
′
L is a family φ =
φ1, φ2, · · · such that
• φn ∈ Hom(S
nV, V ′)0 for all n ≥ 1.
• φ1(1V ) = 1V ′ and φn(v1, · · · , vn−1, 1V ) = 0, v1, · · · , vn−1 ∈ V , for all n ≥ 2.
• for any a ∈ Ob
(
ArtZk
)
and for all n ≥ 1∑
j1+j2=n
1
j1!j2!
φj1+1 (ℓj2(γ, · · · , γ), γ, · · · , γ)
=
∑
j1+···+jr=n
1
r!
1
j1! · · · jr!
ℓ′r (φj1(γ, · · · , γ), · · · , φjr (γ, · · · , γ)) ,
whenever γ ∈ (ma ⊗ V )
0, where
φn
(
a1 ⊗ v1, · · · , an ⊗ vn
)
= (−1)|a2||v1|+···+|an|(|v1|+···+|vn−1|)a1 · · · an ⊗ φn (v1, · · · , vn) .
If we forget the unity 1V , then we call a pair (V, ℓ) an L∞-algebra. We can similarly define an L∞-
morphism without the condition on 1V . One can define the composition of L∞-morphism and it can be
checked that unital L∞-algebras over k and L∞-morphisms form a category.
Definition 2.3. The cohomology H of the L∞-algebra (V, ℓ) is the cohomology of the underlying com-
plex (V,K = ℓ1). An L∞-morphism φ is an L∞-quasi-isomorphism if φ1 induces an isomorphism on
cohomology.
Definition 2.4. An L∞-algebra (V, ℓ) is called a (shifted) dgla(differential graded Lie algebra) if ℓm = 0
for m ≥ 3. This means that (V, ℓ1) is a cochain complex (ℓ1 has degree 1), i.e. ℓ1 ◦ ℓ1 = 0 and (V, ℓ2) is
a graded Lie bracket (ℓ2 has also degree 1), i.e.
ℓ2(x1, x2) = (−1)
|x1||x2|ℓ2(x2, x1)
0 = ℓ2(ℓ2(x1, x2), x3) + (−1)
|x1|ℓ2(x1, ℓ2(x2, x3)) + (−1)
(|x1|+1)|x2|ℓ2(x2, ℓ2(x1, x3)),
and ℓ1 is a graded derivation of the Lie bracket
ℓ1 (ℓ2(x1, x2)) = −ℓ2(ℓ1(x1), x2) + (−1)
|x1|+1ℓ2(x1, ℓ1(x2)).
In fact, any L∞-algebra can be strictified to give a dgla, i.e. any L∞-algebra is L∞-quasi-isomorphic
to a dgla. Now we give definitions of G-algebra, GBV algebra, and dGBV algebra, slight variations
of a dgla, which are suitable for our analysis on the p-adic Dwork complex; In Theorem 1.1, we only
mentioned L∞-algebras and L∞-morphisms for simplicity, but we will discover more, i.e. a dGBV algebra
structure on the p-adic Dwork complex in addition to the L∞-structure.
Definition 2.5. Let k be a field. Let (C, ·) be a unital Z-graded super-commutative and associative
k-algebra. Let [•, •] : C⊗ C→ C be a bilinear map of degree 1.
(a) (C, ·, [·, ·]) is called a G-algebra (Gerstenhaber algebra) over k if
[a, b] = (−1)|a||b|[b, a],
[a, [b, c]] = (−1)|a|+1[[a, b], c] + (−1)(|a|+1)(|b|+1)[b, [a, c]],
[a, b · c] = [a, b] · c+ (−1)(|a|+1)·|b|b · [a, c],
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for any homogeneous elements a, b, c ∈ C.
(b) (C, ·,K, ℓK2 ) is called a GBV(Gerstenhaber-Batalin-Vilkovisky)-algebra
6 over k where
ℓK2 (a, b) := K(a · b)−K(a) · b− (−1)
|a|a ·K(b), a, b ∈ C,(2.1)
if (C,K, ℓK2 ) is a (shifted) dgla and (C, ·, ℓ
K
2 ) is a G-algebra,
(c) (C, ·,K, ℓK2 , Q), where Q : C → C is a linear map of degree 1, is called a dGBV(differential
Gerstenhaber-Batalin-Vilkovisky) algebra if (C, ·,K, ℓK2 (·, ·)) is a GBV algebra and (C, ·, Q) is a cdga(commutative
differential graded algebra), i.e.
Q2 = 0, Q(a · b) = Q(a) · b+ (−1)|a|a ·Q(b), a, b ∈ C.
2.2. The descendant functor and a formal deformation theory. In this subsection, we will study
the deformations of the data (C, ·,K,Ψ) where
(1) (C, ·) is a Z-graded super-commutative associative algebra algebra over k,
(2) (C,K) is a cochain complex over k, and
(3) Ψ : C→ C is a k-linear cochain map.
The category Ck is defined such that objects are triples (C, ·,K), where the pair (C, ·) is a Z-graded super-
commutative associative k-algebra while the pair (C,K) is a cochain complex over k, and morphisms are
cochain maps. Two of the salient properties of the category Ck are that
(i) morphisms are not required to be algebra homomorphisms,
(ii) the differential and multiplication in an object have no compatibility condition.
If we denote by Ck the category of triples (C, ·,K) satisfying (1) and (2) above with (k-linear) cochain
maps, then the given data naturally sit in the category whose objects are endomorphisms in Ck and
morphisms are the ones in Ck commuting both endomorphisms. The deformation theory of objects in
Ck was studied in [12]. We briefly review it here.
Definition 2.6. A partition π = B1 ∪ B2 ∪ · · · of the set [n] = {1, 2, · · · , n} is a decomposition of [n]
into a pairwise disjoint non-empty subsets Bi, called blocks. Blocks are ordered by the minimum element
of each block and each block is ordered by the ordering induced from the ordering of natural numbers.
The notation |π| means the number of blocks in a partition π and |B| means the size of the block B. If
k and k′ belong to the same block in π, then we use the notation k ∼π k
′. Otherwise, we use k ≁π k′.
Let P (n) be the set of all partitions of [n].
Definition 2.7. For a given object (C, ·,K) in Ck, we define Des (C, ·,K) = (C, ℓ
K), where ℓK =
ℓK1 , ℓ
K
2 , · · · is the family of linear maps ℓ
K
n : S
n(A) → A, inductively defined by the formula: ℓK1 = K
and
ℓKn (x1, · · · , xn−1, xn) = ℓ
K
n−1(x1, · · · , xn−2, xn−1 · xn)
−ℓKn−1(x1, · · · , xn−1) · xn − (−1)
|xn−1|(1+|x1|+···+|xn−2|)xn−1 · ℓ
K
n−1(x1, · · · , xn−2, xn), n ≥ 2,
for any homogeneous elements x1, x2, · · · , xn ∈ C.
For a given morphism f : (C, ·,K)→ (C′, ·,K ′) in Ck, we define Des(f) = φ
f = φf1 , φ
f
2 , · · · as a family
of k-linear maps φfn : S
n(C)→ C′ defined inductively by the formula: φf1 = f and
φfm(x1, · · · , xm) = φ
f
m−1(x1, · · · , xm−2, xm−1 · xm)−
∑
π∈P (m),|π|=2
m−1≁πm
φf (xB1 ) · φ
f (xB2), m ≥ 2,
for any homogeneous elements x1, x2, · · · , xm ∈ C. Here we use the following notation:
xB = xj1 ⊗ · · · ⊗ xjr if B = {j1, · · · , jr},
φf (xB) = φ
f
r (xj1 , · · · , xjr ) if B = {j1, · · · , jr}.
Proposition 2.8. Let Lk be the category of L∞-algebras. The above assignment Des is a functor from
Ck to Lk.
Proof. See subsection 3.2 in [12]. 
6(C, ·,K) is called a BV algebra, if (C, ·,K, ℓK
2
) is a GBV algebra
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We will call ℓK and φf a descendant L∞-algebra and morphism respectively. In short, the functor
Des : Ck → Lk takes
(i) an object (C, · ,K) in Ck to a descendant L∞-algebra (C, ℓ
K = ℓK1 , ℓ
K
2 , ℓ
K
3 , · · · ), where ℓ
K
1 = K and
ℓK2 , ℓ
K
3 , · · · measure the failure and higher failures of K being a derivation of the multiplication in C,
(ii) a morphism f in Ck to a descendant L∞-morphism φ
f = φf1 , φ
f
2 , φ
f
3 , · · · , where φ
f
1 = f and
φf2 , φ
f
3 , · · · measure the failure and higher failures of f being an algebra homomorphism.
For a ∈ ArtZk denote ma its maximal ideal. In what follows we endow a ⊗ C the natural Z-grading.
We need the following lemmas to see a precise relationship between a formal deformation theory for Ck
(based on the Maurer-Cartan equation) and the descendant functor Des.
Lemma 2.9. For Γ ∈ (ma ⊗ C)
0 and homogeneous λ ∈ a⊗ C, denote
LK(Γ) :=
∑
n≥1
1
n!
ℓKn (Γ, · · · ,Γ), L
K
Γ (λ) := Kλ+
∑
n≥2
1
(n− 1)!
ℓKn (Γ, · · · ,Γ, λ).
Then we have the following identities:
K(eΓ − 1) = LK(Γ) · eΓ, K(λ · eΓ) = LKΓ (λ) · e
Γ + (−1)|λ|λ ·K(eΓ − 1).
Proof. See Lemma 3.1, [12]. 
Lemma 2.10. For Γ ∈ (ma ⊗ C)
0 and homogeneous λ ∈ a⊗ C, denote
Φf (Γ) :=
∑
n≥1
1
n!
φfn(Γ, · · · ,Γ), Φ
f
Γ(λ) := φ
f
1 (λ) +
∑
n≥2
1
(n− 1)!
φfn(Γ, · · · ,Γ, λ).
Then we have the following identities:
f(eΓ − 1) = eΦ
f (Γ) − 1, f(λ · eΓ) = ΦfΓ(λ) · e
Φf (Γ).
Proof. See Lemma 3.3, [12]. 
The identities in lemma 2.9 say that if Γ ∈ (ma ⊗ C)
0 satisfies the Maurer-Cartan equation:
K(eΓ − 1) = 0 ⇐⇒ LK(Γ) =
∑
n≥1
1
n!
ℓKn (Γ, · · · ,Γ) = 0
then we can equate
LKΓ = e
−Γ ◦K ◦ eΓ
so KΓ := L
K
Γ becomes a differential on a ⊗ C, i.e., (a ⊗ C, ·,KΓ) is again an object of Ck, which is a
(formal) deformation of (C, ·,K) by a Maurer-Cartan solution Γ.
Now we deform a cochain map f : (C, ·,K) → (C′, ·,K ′). If we assume that K(eΓ − 1) for some
Γ ∈ (ma ⊗ C)
0, and K ′(eΓ
′
− 1) = 0 for some Γ′ ∈ (ma ⊗ C
′)0, then
fΓ′,Γ := e
−Γ′ ◦ f ◦ eΓ : a⊗ C // a⊗ C′ ,
then fΓ is clearly a cochain map from (a ⊗ C, ·,KΓ) to (a ⊗ C
′, ·,K ′Γ′). In particular, we can deform
a cochain endomorphism Ψ : (C,K) → (C,K) using a Maurer-Cartan solution. Then ΨΓ := ΨΓ,Γ is
a cochain endomorphism of (a ⊗ C, ·,KΓ). Unfortunately, this formal deformation is not suitable for
a p-adic deformation of the p-adic Banach algebra (A˜(b), ·, ∆˜) ∈ Ob(Ck) which was given in (1.9) and
(1.10).7 Thus, in the next subsection, we study a slightly enhanced deformation theory for Ck.
7We will explain this further later in subsection 3.3.
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2.3. Deformation theory for the q-power map. For a p-adic deformation of the p-adic Banach
algebra (A˜(b), ·, ∆˜) ∈ Ob(Ck), we consider a graded k-algebra endomorphism
8 σ : a → a. Since σ is an
algebra map, we have σ(ma) ⊆ ma by the nilpotency of ma, and
KeσΓ = K(σeΓ) = σ(KeΓ)
so the triple (a⊗ C, ·,KσΓ), where KσΓ = e
−σΓ ◦K ◦ eσΓ, is also an object of Ck whenever Ke
Γ = 0. Let
Ψ be a cochain endomorphism of (C,K). Now define
Ψσ,Γ := e
−σΓ ◦Ψ ◦ eΓ : a⊗ C // a⊗ C
Then
Ψσ,Γ ◦KΓ = e
−σΓ ◦Ψ ◦ eΓ ◦ e−Γ ◦K ◦ eΓ
= e−σΓ ◦Ψ ◦K ◦ eΓ
= e−σΓ ◦K ◦Ψ ◦ eΓ
= e−σΓ ◦K ◦ eσΓ ◦ e−σΓ ◦Ψ ◦ eΓ
= KσΓ ◦Ψσ,Γ
shows that
Ψσ,Γ : (a ⊗ C, ·,KΓ) // (a⊗ C, ·,KσΓ)
defines a morphism in Ck. Since KΓ 6= KσΓ in general, Ψσ,Γ is not an endomorphism in general. However,
multiplication by ex has inverse e−x so via the commutative diagram
H•(a⊗ C,KΓ)
≀eΓ

Ψσ,Γ
// H•(a ⊗ C,KσΓ)
≀eσΓ

a⊗H•(C,K)
Ψ
// a⊗H•(C,K)
We may regard Ψσ,Γ as an endomorphism on the cohomology space. Moreover, this diagram also shows
that Ψσ,Γ on the cohomology space depends only on the Ψ on the cohomology space.
3. Homotopy Lie theory for the zeta function
3.1. A GBV algebra associated to Pn. We are interested in a p-adic homotopy Lie algebra and the
zeta function (Theorem 1.1) of a smooth projective complete intersection variety in Pn over Fq defined
by G1(x), · · · , Gk(x). In order to study them, we start from P
n.
Recall that k = Qq(ζp, π) is a finite extension of Qp with the uniformizer π and the p-adic Banach
algebra over k given in (1.9). Let gk be an abelian Lie algebra over k of dimension N = n+ k + 1. Let
β1, β2, · · · , βN be a k-basis of gk. We associate a Lie algebra representation ρ˜ on A˜(b) of gk as follows:
ρ˜(βi) :=
πMb
γ
(
∂
∂zi
)
, for i = 1, 2, · · · , N.
We extend this k-linearly to get a Lie algebra representation ρX : gk → Endk(A(b)). Then we consider
the dual Chevalley-Eilenberg complex (A˜(b), ∆˜) associated to ρ˜ as in the introduction. The Z-graded
super-commutative algebra Aρ˜ and the differential ∆˜ is given explicitly as follows:
A˜(b) = A(b)[η] = A(b)[η1, η2, · · · , ηN ],
∆˜ =
πMb
γ
·
∂
∂zi
∂
∂ηi
: A˜(b)→ A˜(b).
We have
0 // A˜(b)
−N ∆˜
// A˜(b)
−N+1 ∆˜
// · · ·
∆˜
// A˜(b)
−1 ∆˜
// A˜(b)
0
= A˜(b) // 0
8In our application to the zeta function of X, a will be a formal power series ring with k number of variables t1, · · · , tk
and σ will be a q-power map of those variables.
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where
A˜(b)
−s
=
⊕
1≤i1<···<is≤N
A(b) · ηi1 · · · ηis , 0 ≤ s ≤ N.
Then (A˜(b), ·, ∆˜) is an object of Ck. If we apply the descendant functor to it, we obtain the following
proposition.
Proposition 3.1. (A˜(b), ·, ∆˜, ℓ∆˜2 ) is a GBV-algebra over k.
Proof. We need to show that (A˜(b), ∆˜, ℓ∆˜2 ) is a dgla and (A˜(b), ·, ℓ
∆˜
2 ) is a G-algebra. The fact that ∆˜
is a homogeneous differential operator of order 2 implies that ℓ∆˜m = 0 for m ≥ 3, which implies that
(A˜(b), ∆˜, ℓ∆˜2 ) is a dgla. It follows that (A˜(b), ·, ℓ
∆˜
2 ) is a G-algebra by a straightforward computation. 
We can also prove a finite field version of the above proposition. Note that (A, ·,KS) given in (1.4) is
an object of CFq
9
Proposition 3.2. (A, ·,∆, ℓ∆2 ) is a GBV algebra.
3.2. A π-adic filtered complex. Here we like to understand a precise relationship between (A˜(b), ·, ∆˜)
and (A, ·,∆). For this, we define a filtration on (A˜(b), ·, ∆˜) which is compatible with the differential ∆˜.
The technical conditions on b and M and the factor π
Mb
γ is designed to accomplish this by Adolphson
and Sperber in [2]. Recall that π is a uniformizer for Ok. Following section 3, [2], define a decreasing
filtration {F sA˜(b)}s∈Z on A˜(b):
F sA˜(b)
−m
=
⊕
r+t=m
⊕
1≤i1<···<ir≤k
k+1≤j1<···<jt≤N
πMb(k−r)F˜ sA˜(b) · ηi1 · · · ηir · ηj1 · · · ηjt , 0 ≤ m ≤ N,(3.1)
where
F˜ sA˜(b) =

∑
(u,v)∈ZN
≥0
au,vπ
Mb|v|xuyv : au,v ∈ π
s
Ok for all (u, v) ∈ Z
N
≥0
 .
Note that
F sA˜(b) = F sA˜(b)
0
=

∑
(u,v)∈ZN
≥0
au,vπ
Mb(|v|+k)xuyv : au,v ∈ π
s
Ok for all (u, v) ∈ Z
N
≥0
 .
Then a simple calculation confirms that ∆˜(F sA˜(b)
−m
) ⊂ F sA˜(b)
−m+1
, using the fact 1p−1 < b <
p
p−1 .
(here the factor π
Mb
γ in ∆˜ =
πMb
γ ·
∑N
i=1
∂
∂zi
∂
∂ηi
plays a role). Therefore the filtration (3.1) makes (A˜(b), ∆˜)
into a π-adic filtered complex.
For each 0 ≤ m ≤ N , define a k-linear map R : F 0A˜(b)
−m
→ A−m, where A was given in (1.4), by
additivity and the formula:∑
(u,v)∈ZN
≥0
au,vπ
Mb(|v|+k−r)xuyv · ηi1 · · · ηir · ηj1 · · · ηjt 7→
∑
(u,v)∈ZN
≥0
au,vx
uyv · ηi1 · · · ηir · ηj1 · · · ηjt ,
where au,v is the reduction of au,v modulo the maximal ideal of Ok. Since au,v → 0 as |(u, v)| → ∞, the
image R(ξ) for ξ ∈ A˜(b)
−m
is a finite sum. It is not difficult to see that this k-linear map is surjective
with kernel F 1A˜(b)
−m
(using the conditions 1p−1 < b and
Mb
(p−1)p ,
M
p−1 ∈ Z), hence R induces a linear
isomorphism
R : F 0A˜(b)
−m
/F 1A˜(b)
−m
≃ A−m,
for each 0 ≤ m ≤ N . Note that this map R is not a ring homomorphism. We can choose a k-linear
section sR : A→ F
0
A˜(b) such that R ◦ sR = id.
9Even though Fq is of characteristic p, a notion of dgla still makes sense.
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Proposition 3.3. The k-linear map R induces an isomorphism of cochain complexes over Fq
R : (F 0A˜(b)/F 1A˜(b), ∆˜) ≃ (A, 0),
where (A, 0) is the cochain complex A with the zero differential.
3.3. A dGBV algebra associated to X. Here we will prove (a) and (b) of Theorem 1.1. The main
tool is to apply the deformation formalism of the subsection 2.3 to (A˜(b), ·, ∆˜). Let Xt ⊆ P
n be a family
of smooth projective complete intersections parametrized by variables t = t1, · · · , tk. For i = 1, · · · , k,
let Gi(t, x) ∈ F[t, x] be homogeneous polynomials of x-degree di, i.e.
Gi(t, x) =
∑
w∈Zk
≥0
Gi,w(x)t
w ∈ Fq[t, x], Gi,w(x) =
∑
u∈Zn+1
≥0
gi,w,ux
u ∈ Fq[x],
where deg(Gi,w(x)) = di, such that Gi(x) = Gi(1, x) and Gi(0, x) = 0. Let G˜i(t, x) be the Teichmüller
lifting:
G˜i(t, x) =
∑
u∈Zn+1
≥0
,w∈Zk
≥0
g˜i,u,wx
utw
where g˜i,u,w ∈ Zq is the Teichmüller lifting of gi,u,w ∈ Fq. Let S(t, z) =
∑k
i=1 yiGi(t, x) and let S˜(t, z)
be the Teichmüller lifting of S(t, z):
S˜(t, z) =
k∑
i=1
yiG˜i(t, x) =
∑
i,u,w
yig˜i,u,wx
utw ∈ Zq[t, z] = Zq[t, x, y],
where Zq is the ring of integers of Qq.
A proof of (a) of Theorem 1.1. We start to give a simple proof that the k-linear operator ΨPn given in
(1.12) is a cochain endomorphism of (A˜(b), ∆˜):(
Ψ−m+1
Pn
◦ ∆˜
)
(ξ(z)ηi1 · · · ηim)
=
πMb
γ
·Ψ−m+1
Pn
(
m∑
k=1
∂ξ(z)
∂zik
ηi1 · · · ηˆik · · · ηim
)
=
πMb
γ
·
m∑
k=1
qm−1
zik
∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
Tq
zik ∂∂zik
ξ(z) ∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
 ηi1 · · · ηˆik · · · ηim

=
πMb
γ
·
m∑
k=1
qm∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
∂
∂zik
Tq
ξ(z) ∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
 ∂∂ηik (ηi1 · · · ηim)

=
πMb
γ
·
N∑
i=1
∂
∂zi
∂
∂ηi
 qm∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
Tq
ξ(z) ∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
 ηi1 · · · ηim

=
(
∆˜ ◦Ψ−m
Pn
)
(ξ(z)ηi1 · · · ηim).
Hence ΨPn : (A˜(b), ·∆˜) → (A˜(b), ·, ∆˜) is indeed a morphism of the category Ck. Then we apply the
deformation formalism in the subsection 2.3. Let a = k[[t1, · · · , tk]] ∈ Ob(Ârt
Z
k ) with degree |ti| = 0.
Since A˜(b)
1
= 0, the Maurer-Cartan equation ∆˜(eΓ) = 0 is vacuous, i.e., we can deform (A˜(b), ·, Γ˜)
formally by any element Γ˜ in (ma ⊗ k[[z]])0. We take
σ : k[[t1, · · · , tk]] // k[[t1, · · · , tk]] ti
✤
// tqi
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and
Γ˜t :=
∑
i,u,w
∑
ℓ≥0
γℓy
pℓ
i g˜
pℓ
i,u,wx
pℓutp
ℓw ∈ ((t)⊗ k[[z]])0,(3.2)
and consider
eΓ˜t = exp
∑
i,u,w
∑
ℓ≥0
γℓy
pℓ
i g˜
pℓ
i,u,wx
pℓutp
ℓw
 = ∏
i,u,w
exp
∑
ℓ≥0
γℓy
pℓ
i g˜
pℓ
i,u,wx
pℓutp
ℓw
 .
Note that neither Γ˜t nor e
Γ˜t belong to ma ⊗ A˜(b) = (ma ⊗ A˜(b))
0. But the formal deformation of ∆˜ by
Γ˜t (note that ∆˜ is a-linear) can be computed as follows:
∆˜Γ˜t := e
−Γ˜t ◦ ∆˜ ◦ eΓ˜t =
πMb
γ
·
N∑
i=1
(
∂Sˆ(t, z)
∂zi
+
∂
∂zi
)
∂
∂ηi
,
(the equalities here are formal ones in a⊗ k[[z]] without considering p-adic covergence) where
∂Sˆ(t, z)
∂zi
=
∂
∂zi
(
Γ˜|t=1
)
, i = 1, · · · , N,
by using Lemma 2.9 and the fact ℓ∆˜m = 0, m ≥ 3. Then the expression
πMb
γ ·
∑N
i=1
(
∂Sˆ(t,z)
∂zi
+ ∂∂zi
)
∂
∂ηi
actually makes sense as a k-linear operator of a⊗ A˜(b), since
∂Sˆ(t, z)
∂zi
∈ (a⊗ A˜(b))0, i = 1, · · · , N,
by using the estimate (3.6).
To compute Ψ
Pn,σ,Γ˜t
(the deformation of ΨPn by σ and Γ˜t = Γ˜t(z)), observe that
E(z, tq) ◦ Tq = Tq ◦ E(z
q, t) in a⊗ k[[z]]
for any power series E(z, t) so formally (note that ΨPn is a-linear)
Ψ
Pn,σ,Γ˜t
= e−σ(Γ˜t) ◦ΨPn ◦ e
Γ˜t = ΨPn ◦
eΓ˜t(z)
eΓ˜t(z
q)
= ΨPn ◦ e
Γt ,
where
Γt = Γt(z) :=
a−1∑
j=0
∑
i,u,w
∑
ℓ≥0
γp
ℓ (
g˜i,uyix
utw
)pj+ℓ
pℓ
.(3.3)
Note that the last (formal) equality e
Γ˜t(z)
e
Γ˜t(z
q)
= eΓt crucially uses the fact G˜i(t, x) is the Teichmüller lifting
of Gi(t, x): g˜
q
i,u,w = g˜i,u,w. The key point here is that the expression ΨPn ◦ e
Γt makes sense10 as a
k-linear operator of a⊗ A˜(b), since eΓt belongs to ma ⊗ A˜(
b
q ), ΨPn : A˜(
b
q )→ A˜(b), and A˜(b) ⊂ A˜(
b
q ). By
evaluating at t = 1, we define
K˜X = K˜S := ∆˜Γ˜t
∣∣∣
t=1
ΨX = ΨS := ΨPn,σ,Γ˜t
∣∣∣
t=1
.
(3.4)
By the formal identity in the deformation theory, we conclude that ΨX : (A˜(b), ·, K˜X)→ (A˜(b), ·, K˜X)
is a morphism of Ck. Now the part (a) follows directly by applying the descendant functor to ΨX . 
The differential K˜X is given as follows:
K˜X = K˜S =
πMb
γ
·
N∑
i=1
(
∂Sˆ(z)
∂zi
+
∂
∂zi
)
∂
∂ηi
: A˜(b)→ A˜(b).
10If we use Ψ
Pn,Γ˜t
instead of Ψ
Pn,σ,Γ˜t
, then we can not achieve this.
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We also define another differential operator
Q˜X = Q˜S =
πMb
γ
·
N∑
i=1
∂Sˆ(z)
∂zi
∂
∂ηi
: A˜(b)→ A˜(b).
The following proposition holds which can be view as a slight strengthening of (a) of Theorem 1.1.
Proposition 3.4. (A˜(b), ·, K˜X , ℓ
K˜X
2 , Q˜X) is a dGBV algebra over k.
A proof of (b) of Theorem 1.1. The part (b) follows by using the decreasing filtration and the k-linear
map R in the subsection 3.2. A same computation confirms that
(F 0A˜(b)/F 1A˜(b), K˜S)
R
−→ (A, QS),(3.5)
where (A, QS) is given in (1.5), is an isomorphism of cochain complexes over Fq. 
3.4. The computation of cohomology. Here we prove (c) of Theorem 1.1. For this we will compare
our BV algebra (A˜(b), ·,KX) with a twisted de Rham complex, so called the p-adic Dwork complex,
(Ω•b ,∧, D) which appeared in section 2, [2]. We briefly review the Dwork construction closely following
section 2, [2]. The degree m-th module of Ω•b is given by
Ωmb :=
⊕
1≤i1<···<im≤N
A˜(b) ∧ dzi1 ∧ · · · ∧ dzim
for each m ≥ 0. Here ∧ is the wedge product on the twisted de Rham complex Ω•b of A˜(b). Note that
Ω0b = A˜(b) and Ω
•
b =
⊕
0≤m≤N Ω
m
b . The differential D is defined by
D(w) =
πMb
γ
(
dw + dSˆ(z) ∧ w
)
, w ∈ Ωmb
for any m ≥ 0.
Proposition 3.5. We have the following relationship between (Ω•b , D) and (A˜(b), K˜X);
(a) For each s ∈ Z, if we define a k-linear map J : (Ωsb, D)→ (A˜(b)
s−N
, K˜X) by
dzi1 · · · dzis 7→ (−1)
i1+···+is−s(· · · ηˆi1 · · · ηˆis · · · )
for 1 ≤ i1 < · · · < is ≤ N = n+ k + 1 and extending it k-linearly, then J ◦D = K˜X ◦ J and J induces
an isomorphism
Hs(Ω•b , D) ≃ H
s−N (A˜(b), K˜X).
for every s ∈ Z.
(b) The map J satisfies that J ◦ ∂X = Q˜X ◦ J , where ∂X is the wedge product with
πMb
γ dSˆ(z).
Proof. These follow from direct computations. 
A proof of (c) of Theorem 1.1. By Proposition 3.5,
HN(Ω•b , D) ≃ H
0(A˜(b), K˜X).
Because the k-dimension of HN (Ω•b , D) is shown to be the degree of P (T ) in [2], we conclude that the
degree of P (T ) is equal to the k-dimension of H0(A˜(b), K˜X). 
Remark 3.6. Proposition 3.5 implies that two cochain complexes (Ω•b , D) and (A˜(b), K˜X) are degree-
twisted isomorphic to each other. But we emphasize that the natural product structure, the wedge
product, on Ω•b and the super-commutative product · on A˜(b) are quite different and J is not a ring
isomorphism. It is crucial for us to use the super-commutative product · on A˜(b) to get all the main
theorems of this article.
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(Ω•b ,∧, D) is a p-adic twisted de-Rham alge-
bra.
(A˜(b), ·, K˜X , ℓ
K˜X
2 ) is a p-adic GBV algebra.
(Ω•b ,∧, ∂X) is not a cdga. (A˜(b), ·, Q˜X) is a cdga.
(Ω•b ,∧,
πMb
γ d) is a cdga. (A˜(b), ·, ∆˜) is not a cdga.
Table 3.1. The Dwork twisted de-Rham algebra versus the GBV algebra
3.5. A character sum and the Dwork splitting function. We will prove (d) of Theorem 1.1 this
subsection. Following [2], we consider
θˆ(t) :=
∞∏
i=0
θ(tp
i
) where θ(t) := E(γt) =
∞∑
i=0
λit
i ∈ k[[t]],
where E(t) is the Artin-Hasse exponential series
E(t) = exp
(
∞∑
n=0
tp
n
pn
)
∈ k[[t]].
One can easily check that
θˆ(t) = exp
(
∞∑
ℓ=0
γℓt
pℓ
)
where γℓ :=
ℓ∑
i=0
γp
i
pi
.
Note that
val(γℓ) ≥
pℓ+1
p− 1
− (ℓ+ 1).(3.6)
If, for a ∈ R≥0, we use the following notations
D(a) = {x ∈ Cp : |x|p ≤ a}, D(a
−) = {x ∈ Cp : |x|p < a},
then θ(t) converges on D(p
1
p−1−) (since valp(λi) ≥
i
p−1 ) and E(t) converges only on D(1
−). Here θ(t) is
called the Dwork splitting function because of the following lemma of Dwork.
Lemma 3.7. If we define a function ψq : Fq → C∗p by the formula
ψq(x) := θ(x˜) · θ(x˜
p) · · · θ(x˜p
a−1
)
for x ∈ Fq and the Teichmüller representative x˜ ∈ Zq of x, then ψq is an additive character of Fq.
Let us write Gℓ(x) =
∑
v∈Zn+1
≥0
gv,ℓx
v ∈ Fq[x] for each ℓ = 1, · · · , k. Then its Teichmüller lift G˜ℓ(x)
can be written as
∑
v∈Zn+1
≥0
g˜v,ℓx
v ∈ Zq[x] and
S˜(z) =
k∑
ℓ=1
yℓ · G˜ℓ(x) =
∑
w∈ZN
≥0
s˜wz
w =
k∑
ℓ=1
∑
u∈Zn+1
≥0
g˜u,ℓ · yℓx
u.
Let τ ∈ Gal(k/Qp) be an automorphism of k which lifts the Frobenius automorphism x 7→ xp of Fq
such that τ(ζp) = ζp and τ(π) = π. Then τ(a˜) = a˜
p for a˜ which is the Teichmüller lifting of a. Moreover,
we define
Sˆ(z) =
∞∑
m=0
γmS˜
τm(zp
m
) :=
∞∑
m=0
k∑
ℓ=1
γm · y
pm
ℓ
∑
u∈Zn+1
≥0
τm(g˜u,ℓ) · x
u·pm =
∑
m,ℓ,u
γm · y
pm
ℓ (g˜u,ℓx
u)p
m
.
Following [2] again, we use the following notation:
ES˜(z) :=
a−1∏
j=0
∏
w
θ((s˜wz
w)p
j
), EˆS˜(z) :=
∏
w
θˆ(s˜wz
w)
so that ES˜(z) = EˆS˜(z)/EˆS˜(z
q) where zq = (zq1 , · · · , z
q
N ). Then it is a straightforward computation that
∂Sˆ(z)
∂zi
=
1
EˆS˜(z)
∂ES˜(z)
∂zi
, i = 1, · · · , N = n+ k + 1.
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As an operator, we have the following identity:(
∂
∂zi
+
∂Sˆ(z)
∂zi
)
(f) = EˆS˜(z)
−1 ·
∂
∂zi
(
EˆS˜(z) · f
)
, i = 1, · · · , N = n+ k + 1,
for f ∈ A˜(b). Now we define a k-linear operator ΨˆX : A˜(b)→ A˜(b) by
ΨˆX := Tq ◦ ES˜(z)
where ΨˆX means the multiplication by ES˜(z) followed by Tq. Since b <
p
p−1 , ES˜(z) ∈ A
(
b
q
)
and ΨˆX is
a well-defined endomorphism of A˜(b):
A˜(b) →֒ A
(
b
q
)
ES˜(z)−→ A
(
b
q
)
Tq
−→A˜(b).
Then ΨˆX is a completely continuous k-linear operator on A˜(b); see [2].
Definition 3.8. We define a completely continuous k-linear endomorphism Ψ˜X on A˜(b) =
⊕
m≤0 A˜(b)
m
by additivity and the following formula
Ψ˜−mX (ξ(z) · ηi1 · · · ηim) := q
m
ΨˆX
(
ξ(z) ·
∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
)
∏
j∈{1,··· ,N}
j 6=i1,··· ,im
zj
· ηi1 · · · ηim ,
for each m ≥ 0 and ξ(z) ∈ A˜(b) = A˜(b)
0
.
Lemma 3.9. The map ΨX is equal to Ψ˜X and so the k-linear map Ψ˜X : (A˜(b), K˜X)→ (A˜(b), K˜X) is a
cochain map.
Proof. This follows from (3.9) and a straightforward computation. 
A proof of (d) of Theorem 1.1. First note that
eΓ˜t =
∏
i,u,w
θˆ
(
yig˜i,u,wx
utw
)
= EˆS˜(t,z)(z), e
σ(Γ˜t) = EˆS˜(tq,z)(z),
where Γ˜t is given in (3.2). Similarly, we have that
eΓt = ES˜(t,z)(z),
where Γt is given in (3.3). Because
∆˜Γ˜t := e
−Γ˜t ◦ ∆˜ ◦ eΓ˜t = EˆS˜(t,z)(z)
−1 ◦ ∆˜ ◦ EˆS˜(t,z)(z) =
πMb
γ
·
N∑
i=1
(
∂Sˆ(t, z)
∂zi
+
∂
∂zi
)
∂
∂ηi
,
Ψ
Pn,σ,Γ˜t
= e−σ(Γ˜t) ◦ΨPn ◦ e
Γ˜t = EˆS˜(tq,z)(z)
−1 ◦ΨPn ◦ EˆS˜(t,z)(z) = ΨPn ◦ES˜(t,z)(z),
we see that the operator αn+k+1 on H
n+k+1(Ω•b , D), in Corollary 6.5, [2], corresponds exactly (by
(3.9) and Lemma 3.9) to the operator ΨX on H
0(A˜(b), K˜X) under the isomorphism H
n+k+1(Ω•b , D) ≃
H0(A˜(b), K˜X) in Proposition 3.5. Then the part (d) of Theorem 1.1
P (qkT ) = det(1 − T ·ΨX
∣∣H0(A˜(b), K˜S))(3.7)
follows from Corollary 6.5, [2]. 
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3.6. The Bell polynomials and a deformation formula for the Dwork operator ΨX . The goal
here is to prove Theorem 1.2. The partial Bell polynomials Bn,k(x1, · · · , xn−k+1) are defined by the
power series expansion
exp
(
u
∞∑
i=1
xi
ti
i!
)
=
∑
n,k≥0
Bn,k(x1, · · · , xn−k+1)
tn
n!
uk = 1 +
∑
n≥1
tn
n!
(
n∑
k=1
ukBn,k(x1, · · · , xn−k+1)
)
which gives the following formula:
Bn,k(x1, · · · , xn−k+1) =
∑ n!
i1! · · · in−k+1!
(x1
1!
)i1
· · ·
(
xn−k+1
(n− k + 1)!
)in−k+1
where the sum runs over all sequences i1, · · · , in−k+1 of non-negative integers such that
i1 + · · ·+ in−k+1 = k, i1 + 2i2 + · · ·+ (n− k + 1)in−k+1 = n
and the (complete) Bell polynomials Bn(x1, · · · , xn) are defined by the power series expansion
exp
∑
i≥1
xi
ti
i!
 = 1 +∑
n≥1
Bn(x1, · · · , xn)
tn
n!
(3.8)
in other words,
Bn(x1, · · · , xn) =
n∑
k=1
Bn,k(x1, · · · , xn−k+1), B0 = 1.
There are recurrence relations
Bn+1(x1, · · · , xn+1) =
n∑
i=0
(
n
i
)
Bn−i(x1, · · · , xn−i)xi+1
where B0 = 1, and
Bn,k(x1, · · · , xn−k+1) =
n−k+1∑
i=1
(
n− 1
i− 1
)
xiBn−i,k−1(x1, · · · , xn−i+k)
where B0,0 = 1, Bn,0 = 0 for n ≥ 1, and B0,k = 0 for k ≥ 1. For example, B1(x1) = x1, B2(x1, x2) =
x21 + x2, B3(x1, x2, x3) = x
3
1 + 3x1x2 + x3, · · · .
A proof of Theorem 1.2. Recall that
K˜X = K˜S := ∆˜Γ˜t
∣∣∣
t=1
=
πMb
γ
·
N∑
i=1
(
∂Sˆ(z)
∂zi
+
∂
∂zi
)
∂
∂ηi
ΨX = ΨS := ΨPn,σ,G˜t
∣∣∣
t=1
= ΨPn ◦ ES˜(z)(z).
(3.9)
By Lemma 2.9, we have
K˜X(λ) = e
−Γ˜t ◦ ∆˜ ◦ eΓ˜t
∣∣∣
t=1
(λ) = ∆˜(λ) +
∑
n≥2
1
(n− 1)!
ℓ∆˜n (Γ˜, · · · , Γ˜, λ), λ ∈ A˜(b).
where we recall that
Γ˜|t=1 = Γ˜ :=
∑
i,u
∑
ℓ≥0
γℓg˜
pℓ
i,uy
pℓ
i x
pℓu (γℓ :=
ℓ∑
i=0
γp
i
pi
).
Since ℓ∆˜m = 0 for m ≥ 3, the first part of Theorem 1.2 follows. Moreover, one can check that
ℓ∆˜2 (Γ˜, λ) =
(
πMb
γ
·
N∑
i=1
∂Sˆ(z)
∂zi
∂
∂ηi
)
(λ), λ ∈ A˜(b).
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By Lemma 2.10, we have
ΨX(λ) = e
−σ(Γ˜t) ◦ΨPn ◦ e
Γ˜t
∣∣∣
t=1
(λ)
= ΨPn
(
ES˜(z)(z) · λ
)
=
φΨPn1 (λ) +∑
n≥2
1
(n− 1)!
φΨPnn (Γ, · · · ,Γ, λ)
 · eΦΨPn (Γ), λ ∈ A˜(b),
where we recall that
Γ =
a−1∑
j=0
∑
i,u
∑
ℓ≥0
γp
ℓ
τ ℓ(g˜i,u)
pj (yix
u)
pj+ℓ
pℓ
.
We want to expand this as
ΨX(λ) = Ψ0(Γ) + Ψ1(Γ) + Ψ2(Γ) + Ψ3(Γ) + · · · ,
where Ψn(cΓ) = c
nΨn(Γ) for c ∈ k. By the definition of the Bell polynomials, we have
eΦ
Ψ
Pn (Γ) = exp
∑
n≥1
1
n!
φΨPnn (Γ, · · · ,Γ)
 = 1 +∑
n≥1
1
n!
Bn(φ
ΨPn
1 (Γ), · · · , φ
ΨPn
n (Γ, · · · ,Γ)).
This expansion has an advantage that
Bn
(
φΨPn1 (c · Γ), · · · , φ
ΨPn
n (c · Γ, · · · , c · Γ)
)
= cn · Bn
(
φΨPn1 (Γ), · · · , φ
ΨPn
n (Γ, · · · ,Γ)
)
.
for c ∈ k. Therefore we get the expansion of desired form:
ΨX(λ) = ΨPn(λ) +
∑
m≥1
∑
j+k=m
j,k≥0
1
j!k!
Bj(φ
ΨPn
1 (Γ), · · · , φ
ΨPn
j (Γ, · · · ,Γ)) · φ
ΨPn
k+1 (Γ, · · · ,Γ, λ).

4. Appendix
In this section, we give a computation of the cohomology of Hm(A,KS) for allm ∈ Z, where (A, ·,KS)
is a BV algebra over Fq. This will be done by comparing (A, ·,KS) with the algebraic Dwork complex
(algebraic twisted de-Rham complex) over Fq in [1].11 For a given cochain complex (C,K), we will use
two notations interchangeably:
Hi(C,K) = HiK(C), i ∈ Z.
By additive quantum number we mean a rule of assigning an integer to each monomial in the BV
algebra A = AS over Fq such that the number is additive when two monomials are multiplied. We are
going to introduce three additive quantum number; ghost number, charge and weight.
We assign gh(zµ) = 0 and gh(ηµ) = −1. We have the ghost number decomposition of A;
A =
⊕
i∈Z
A
i.
In fact, the ghost number is the cohomology grading and A is super-commutative with respect to the
ghost numbers; xy = (−1)gh(x)gh(y)yx where x, y are homogeneous polynomials in A. Sometimes we
abbreviate |x| = gh(x). For each zµ assign a non-zero integer ch(zµ) called charge of zµ as follows:
ch(zi) = ch(yi) = −di, for i = 1, · · · , k, ch(zi) = ch(xN−k−1) = 1, for i = k + 1, · · · , N.
Also assign ch(ηµ) := −ch(zµ). Define the background charge cX by
cX := −
∑
µ
ch(zµ) =
k∑
i=1
di − (n+ 1)
11 The cohomology Hm(A˜(b), K˜S) for all m ∈ Z can be also computed by using the π-adic filtration structure in the
subsection 3.2 and the appendix of [2], which summarizes basics results on lifting cohomology from characteristic p to
characteristic zero.
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Note that cX = 0 means that X is Calabi-Yau. Associated with ch(zµ)µ=1,··· ,N we define the Euler
vector
Ech =
N∑
µ=1
ch(zµ)zµ
∂
∂zµ
+
N∑
µ=1
ch(ηµ)ηµ
∂
∂ηµ
.
For any monomial M ∈ A we have Ech(M) = ch(M)M . Hence we have the charge decomposition of A;
A =
⊕
λ∈Z
Aλ,
where Aλ is the C-subspace of A generated by the monomials of charge λ. We also introduce the
notion of weight such that wt(yℓ) = 1 for all ℓ = 1, · · · , k and wt(xi) = 0 for i = 0, 1, · · · , n. Define
wt(ηµ) = 1− wt(zµ) for all µ = 1, · · · , N . Associated with the weight we define the Euler vector
Ewt =
N∑
µ=1
wt(zµ)zµ
∂
∂zµ
+
N∑
µ=1
wt(ηµ)ηµ
∂
∂ηµ
=
k∑
ℓ=1
yℓ
∂
∂yℓ
+
N∑
ℓ=k+1
ηℓ
∂
∂ηℓ
.
For any monomial M ∈ A we have Ewt(M) = wt(M)M . Hence we have the weight decomposition of A;
A =
⊕
w≥0
A(w),
where A(w) is the C-subspace of A generated by the monomials of weight w. Note that A = A[η], where
ηµην = −ηνηµ, and
gh(zµ) + gh(ηµ) = −1, ch(zµ) + ch(ηµ) = 0, wt(zµ) + wt(ηµ) = 1.
We then have decomposition
A =
⊕
−N≤j≤0
⊕
λ∈Z
⊕
w≥0
A
j
λ,(w),
where u ∈ Ajλ,(w) if and only if Ech(u) = λ · u, Ewt(u) = w · u, and gh(u) = j. Note that S(z) ∈ C
0
0,(1),
and QS preserves ch and wt though ∆ decreases wt by 1. Also note that K preserves the charge grading.
Hence we have the following proposition.
Proposition 4.1. For each charge λ ∈ Z and weight w ∈ Z we have a cochain subcomplex (Aλ,K) and
(Aλ,(w), Q).
It follows that the cohomology H = HK(A) of the cochain complex (A,K) = (A,KS) has a charge
decomposition
H = ⊕λ∈ZHλ, Hλ := HK(Aλ).
Associated with Ech we define
R :=
∑
µ
ch(zµ)zµηµ ∈ C
−1
0,(1).
Note that, for any f ∈ C,
δRf := ℓ
K
2 (R, f) =
∑
µ
ch(zµ)
(
zµ
∂
∂zµ
− ηµ
∂
∂ηµ
)
f
Hence for any f ∈ Cλ we have δRf = λf . Note also that QR = 0, while
KR = −cX , cX = the background charge =
k∑
i=1
di − (n+ 1).
Proposition 4.2. The cohomology H = HKS (A) is concentrated on charge cX , i.e. H = HcX .
Proof. From
K(f · R) = ℓK2 (R, f) +KR · f +Kf ·R
= δRf − cXf +Kf · R
= (λ− cX)f +Kf · R (if f ∈ Aλ)
we see that any f ∈ Cλ ∩Ker K belongs to Im K unless λ = cX , since (λ− cX)f = K(f · R). 
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There also exists the algebraic Dwork complex over Fq. Consider the de Rham complex Ω•Fq[z]/Fq
and define the boundary map ∂S on Ω
•
Fq[z]/Fq
by ∂S(ω) = dS ∧ ω where S(z) =
∑k
ℓ=1 yℓ · Gℓ(x). Let
DS = d+∂S. In [1], Adolphson and Sperber introduced the bigrading (deg1, deg2) on Ω
•
Fq [z]/Fq
as follows;
deg1(xi) = deg1(dxi) = 1, i = 0, · · · , n, deg2(xi) = deg2(dxi) = 0, i = 0, · · · , n, ,
deg1(yi) = deg1(dyi) = −di, i = 1, · · · , k, deg2(yi) = deg2(dyi) = 1, i = 1, · · · , k.
Then (Ω•
Fq [y,x]/Fq
, ∂S) is a bigraded cochain complex of bidegree (0, 1). For (u, v) ∈ Z2, let us denote by
Ω
s,(u,v)
Fq[y,x]/Fq
the submodule of homogeneous elements of bidegree (u, v) in Ωs
Fq [y,x]/Fq
.
Lemma 4.3. We have the following relationship between (Ω•
Fq[z]/Fq
, DS) and (A,KS);
(a) For each m ∈ Z, if we define a Fq-linear map J : (ΩmFq[z]/Fq , DS) → (A
m−N ,KS) by sending
dzi1 · · ·dzim to (−1)
i1+···+im−m(· · · ηˆi1 · · · ˆηim · · · ) for 1 ≤ i1 < · · · < im ≤ N = n+ k + 1 and extending
it Fq-linearly, then J ◦DS = KS ◦ J and J induces an isomorphism
HmDS (Ω
•
Fq [y,x]/Fq
) ≃ H
m−(n+k+1)
KS
(A•).
for every m ∈ Z.
(b) The map J induces a Fq-linear map from Ω
m,(u,v)
Fq[z]/Fq
to Am−NS,c,(w) where c = u+ cX and w+m−N =
v − k.
(c) The map J satisfies that J ◦ ∂S = QS ◦ J and J ◦ d = ∆ ◦ J .
Proposition 4.4. Assume that n > k ≥ 1.12 Then we have the following description of the total
cohomology of (A,KS);
HmKS(A) = 0, for m 6= k − n− 1,−1, 0,
H−1KS(A) ≃ H
0
KS(A), and H
k−n−1
KS
(A) ≃ Fq.
Proof. We consider the increasing weight filtration F •wtA defined by
F jwtA =
⊕
0≤w≤j
AS,(w).
This follows from a spectral sequence associated to the filtered cochain complex (F •wtA,KS) and
Theorem 1.6 in [1]. We shift the degree of (A,K) = (A,KS) to consider C = A[−N ] with N = n+ k+1
so that Ci = Ai−N for each i ∈ Z. 13 Then we have a cochain complex (C,K);
0 // C0
K
// C
1 K // · · ·
K
// C
n+2 // 0
We define a filtered complex as follows;
C =: F 0C ⊃ F 1C ⊃ · · · ⊃ Fn−1C ⊃ FnC = {0}
where the decreasing filtration is given by the weights
F iC =
⊕
k≤n−1−i
C(k), i ≥ 1.
The associated graded complex to a filtered complex (F pC,K = KS) is the complex
GrC =
⊕
p≥0
GrpC, GrpC =
F pC
F p+1C
,
where the differential is the obvious one induced from K. We observe that this differential d0 is, in fact,
induced from Q = QS , because we have that K = ∆+Q, ∆ : F
pC → F p+1C and Q : F pC → F pC. This
will imply that Ep,q1 = H
p+q
Q (Gr
pC).
The filtration F pC on C induces a filtration F pHK(C) on the cohomology HK(C) by
F pHqK(C) =
F pZq
F pBq
,
12If n = k, then the same results holds except dimFq H
−1
KS
(A) = dimFq H
0
KS
(A) + 1; see (1.12), [1].
13The reason for ghost number shifting is to get a spectral sequence in the first quadrant
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where Zq = ker(K : Cq → Cq+1) and Bq = K(Cq−1). The associated graded cohomology is
GrHK(C) =
⊕
p,q
GrpHqK(C), Gr
pHqK(C) =
F pHqK(C)
F p+1HqK(C)
.
Then the general theory of filtered complexes implies that there is a spectral sequence {Er, dr} (r ≥ 0)
with
Ep,q0 =
F pCp+q
F p+1Cp+q
, Ep,q1 = H
p+q(GrpC), Ep,q∞ = Gr
pHp+qK (C).
Note that
Er =
⊕
p,q≥0
Ep,qr , dr : E
p,q
r → E
p+r,q−r+1
r , d
2
r = 0.
In [12], it was shown that the classical to quantum spectral sequence {Er} satisfies
Ep,q1 ≃ Gr
pHp+qQ (C),
Ep,q2
≃
→ Ep,q∞ = Gr
pHp+qK (C).
(4.1)
In particular, {Er} degenerates at E2. Then we have
HpK(C) = H
p−N
KS
(A), GrpHp+qK (C) = Gr
pHp+q−NKS (A), p, q ≥ 0.
Note that Proposition 3.5 implies that HpQ(C) ≃ H
p
QS
(Ω•
Fq [z]/Fq
) for p ≥ 0 and Proposition 4.2 says
that HqKS (A) = H
q
KS
(AS,cX ) for q ≤ 0. Now it is easy to see that Theorem 1.6 in [1] implies the desired
result combined with Proposition 4.2, (4.1), and Proposition 3.5. The (1.10) and (1.11) of Theorem 1.6,
[1] can be interpreted as follows; unless p divides d1 · · · dk, n+k is odd, and v =
n+k+1
2 or v =
n+k+1
2 −1,
then
dimFq H
−1
QS
(AcX ,(v)) = dimFq H
0
QS (AcX ,(v));
p divides d1 · · · dk, n+ k is odd, and v =
n+k+1
2 or v =
n+k+1
2 − 1, then
dimFq H
−1
QS
(AcX ,(v)) = dimFq H
0
QS (AcX ,(v)) +

1 if v = n+k+12 − 1,
−1 if v = n+k+12 .
.
Since for each m ∈ Z
dimFq H
m
KS (A) =
∞∑
v=0
dimFq H
m
QS (AcX ,(v)),
(which is actually a finite sum) the desired result dimFq H
−1
KS
(A) = dimFq H
0
KS
(A) follows. In fact,
the map from H0QS (AcX ,(v)) to H
−1
QS
(AcX ,(v+1)) is given by [f ] 7→ [R · f ] where f ∈ A
0
KS
and R =∑
µ ch(qµ)qµηµ ∈ C
−1
0 (compare this map with the map θ of Theorem 4.4 of [1]). The cohomology
Hk−n−1KS (A) is generated by
[J (dy1 ∧ · · · ∧ dyk ∧ dG1 ∧ · · · ∧ dGk)]
where J is the map in Proposition 3.5. 
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